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On the Optimization of Distributed
Parameter Systems with Boundary Control:
A Counter Example for the Maximum

Principle

A counterexample is given to the strong maximum principle for

boundary control of a class of distributed parameter systems. The par-
ticular system deals with chemical reactors suffering catalyst decay and
is in the class whose members are described by sets of first-order partial
differential equations of the hyperbolic type. It is shown that an optimal
control exists and that over any finite time interval in which the control
is unconstrained the exit conversion from the reactor remains constant, It
is further shown that for certain values of the parameters the optimal
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control policy violates the necessary conditions of the strong maximum

principle for boundary control of distributed parameter systems.

SCOPE

The maximum principle of Pontryagin (1962) has been
used extensively in the optimal control of lumped param-
eter systems described by ordinary differential equations.
A similar strong maximum principle was developed by
Degtyarev and Sirazetdinov (1967) for the optimal con-
trol of distributed parameter systems described by a set of
first-order partial differential equations and where the
control was distributed. For the case of boundary con-
trol, where the control enters in the boundary conditions
to the partial differential equations or where the control
is a function of one independent variable only, Degtyarev
and Sirazetdinov obtained a weaker form of the necessary
conditions. Whereas in the case of distributed control, the
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hamiltonian must reach a maximum with respect to the
control at the optimum, the boundary hamiltonian, in the
case of boundary control, need only remain stationary with
respect to the control at the optimum whenever the con-
trol is unconstrained. However, several authors have also
stated the strong maximum principle as a necessary condi-
tion for optimality in the boundary control case.

In the present study, the validity of this strong maxi-
mum principle will be examined for a certain class of
boundary control problems. The particular example under
investigation relates to the optimal inlet temperature con-
trol of a tubular fixed-bed chemical reactor with stowly
decaying catalyst.

AIChE Journal (Vol. 20, No. 6)



CONCLUSIONS AND SIGNIFICANCE

For particular values of the parameters in the partial
differential equations describing the reactor system, the
strong maximum principle for boundary control requires
the optimal control to be totally constrained.

By considering a quasi steady state approximation, an
equivalent lumped parameter system can be formulated
and Pontryagin’s Maximum Principle can be applied. Exis-
tence of an optimal controller in the lumped formulation
is shown and the optimal control policy can be deter-
mined as a unique Pontryagin policy. For certain values
of the parameters, it is shown that a totally constrained
policy cannot be optimal. The optimal control policy then
clearly violates the necessary conditions of the strong
maximum principle for boundary control in the distributed
form of the problem. It is further proved that if the

optimal control policy contains an unconstrained part over
any finite time interval, the exit conversion from the
reactor then remains constant over that time interval. A
numerical example, where the optimal control policy is
unconstrained for a finite time interval, also shows the
constant exit conversion property at the optimum.

If the quasi steady state approximation cannot be used,
the distributed problem cannot be lumped and an exis-
tence proof of an optimal controller in the class of piece-
wise continuous functions cannot easily be found. Numeri-
cal results for this case, however, support our findings
derived for the lumpable problem.

A strong maximum principle should therefore not be
used as a necessary condition for optimality of boundary
control in this class of distributed parameter problems.

In recent years, much research has been done on the
optimal control of distributed parameter systems, de-
scribed by sets of simultaneous partial differential equa-
tions. Necessary conditions for optimality have been de-
rived in the form of various maximum principles.

A strong form of the maximum principle, requiring that
the hamiltonian reach its absolute maximum with respect
to the control vector at the optimum, has been derived by
Degtyarev and Sirazetdinov (1967) for the optimal con-
trol of a system of simultaneous first-order partial differ-
ential equations where the control is distributed. A similar
form of the maximum principle was proved independently
by Chang (1967). In both approaches, the distributed
control vector is sought in the class of piecewise continu-
ous functions with a finite number of lines of discon-
tinuity and such that finite limits for the value of the
control exist at both sides of a line of discontinuity.

Degtyarev and Sirazetdinov (1967) also derived neces-
sary conditions for optimality of distributed systems with
boundary control.® This results in a weak maximum prin-
ciple, requiring that the boundary hamiltonian remain
stationary with respect to the control at the optimum
whenever the control is in the interior of the admissible
control region (unconstrained) and that it reach a local
maximum when the control is at the boundary of the
admissible control region (constrained). A similar result
was also obtained by Ogunye and Ray (1971a,b), but the
authors express some doubt that the strong form of the
maximum principle is a necessary condition for the bound-
ary control case.

A strong maximum principle for the boundary control
of distributed parameter systems has been stated from
time to time in the literature. The requirement of a strong
maximum principle to be a necessary condition for opti-
mality of boundary control in hyperbolic distributed
parameter systems has been claimed by Chang and Bank-
off (1969), Tarassov, Perlis, and Davidson (1969), and
very recently also by Holliday and Storey (1973).

The proofs given by Chang (1967) and by Tarassov

® The term boundary control is used here, both for those control vari-
ables which appear explicitly in the initial or boundary conditions of
the state equations and for those control variables which appear in the
state equations as a function of one independent variable only. This
latter case, also called uniform control, defines a proper subset of the
boundary controls since one can always introduce additional differential
equations in these variables with new control variables in the initial or
boundary conditions to these differential equations.
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(1968) for the boundary control case are both based by
analogy on those for the distributed control problem.

In the derivation given by Holliday (1972), the author
comes to the conclusion of a strong maximum principle,
for both distributed and boundary control of parabolic
and hyperbolic systems, through a first-order perturbation
analysis.

A similar theorem can be found in the book by Butkov-
skii (1969), but the proof is missing.

The strong maximum principle for boundary control
was also stated without proof by Nishida, Ichikawa, and
Tazaki (1972) and by Davis and Perkins (1972). How-
ever, these authors did not use the second derivative con-
dition for the boundary hamiltonian in their computational
work,

The maximum principle for boundary control, as it can
be found in the literature, will be formulated. An optimal
control problem, which is related to fixed-bed tubular
reactors with decaying catalyst, will be presented. Exis-
tence of an optimal boundary control policy will be shown
and properties of the optimal policy will be derived. A
whole class of problems, where the strong maximum prin-
ciple for boundary control fails to provide us with neces-
sary conditions, will be identified.

STATEMENT OF THE MAXIMUM PRINCIPLE FOR
BOUNDARY CONTROL

Consider the class of systems where the state equations
are given by a set of simultaneous first-order partial differ-
ential equations (PDE):

Ut:F<z,t,D,Uz,u) (1)
where
veR™ ueR™
and

Fi:Fio(z’t:D9u)+Fil(zyt)u)viz 1::1,2,...,11 (2)

The subscripts ¢ and z in (1) and (2) refer to partial
derivation with respect to the independent variables ¢ and
z. The vector-valued function F is defined on the rectangle
[z0, 25] X [fo, ty] and is assumed to be at least twice
piecewise continuously differentiable with respect to its
arguments. The vector u(t) is a bounded piecewise con-
tinuous boundary control on [#, #;] and ueU where U is
an admissible control region in R™,

The initial and boundary conditions for the state vector
v are given by two vector-valued functions with piecewise
continuous second derivatives:
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v(z0,t) = a(t); ©(z,t) = B(2) (3)

The objective function is given by
tr 113
P= J:o .L, Fo(z,1,v, v, u)dz dt (4)

where

F0= Foo(z; t, v, u) + 2 FOj(z" t, u)viz (5)

i=1

The optimal boundary control problem can then be
formulated as: among all admissible controls defined on
[t t1, find a control u(t) with te[to, t;] such that the
functional P attains its maximum value.

A hamiltonian function H is introduced by

H(z:t90)02>u):F0+<)\yF> (6)
where the adjoint vector A is given by
oA d
2 _VH4+—(V 7
pm v p™ (Vo H) (7)

subject to the following terminal and boundary conditions:
>\|t=tf =0; szH|z=zf =0 (8)

The inner product <, > used in (6) is defined as the
scalar product between two vectors and the notation V
is used to indicate the gradient operator.

Since the control u(t) is a function of one independent

variable only, a boundary hamiltonian H is defined as
— #r
H = J;o Hdz (9)

An admissible control u* (¢) is said to satisfy the maxi-

mum condition in H if at any te[#, t;], the function H
attains its absolute maximum with respect to all admissible
controls, that is,

H(t,o%,v,%,ut) =sup H(t, 0%, v,%,u)  (10)
ueU

The maximum principle for boundary control, as can
be found in the literature referred to above, states then:

For an admissible control u*(¢) to be optimal with
respect to the performance index P, it is necessary that

u* (t) satisfy the maximum condition in H almost every-
where on [#g, t].

A BOUNDARY CONTROL PROBLEM
We consider a specific problem described by

ox

— =K(k)(1 —x)¢ (11)
0z

o )

where x(z,t) and ¢(z,t) are the distributed state vari-
ables and k(t) is a boundary control. The independent
variables z and ¢ are normalized: z¢[0, 1], t¢[0, 17.

The functional K(k) is given by

K = Ak (13)

where A and p are positive parameters. The admissible
control region is defined as

U = {klk. =k(t) =k°} (14)
Initial and boundary conditions to the PDE (11) and
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(12) are specified as
x(0,2) = x0(t); ¥(z,0) = yo(z) (15)
where x9(t) and ¢ (z) are piecewise continuous and
0=x0(t) =1, 0<yp(z) <0

The optimal control problem is then to find a piecewise
continuous control k(t)eU which maximizes the objective
function P over all admissible controls, where P is defined
as

1
P= fo [x(1,t) — xo(t)]dt (16)

Remark

This example is particular in the sense that in the do-
main of definition the characteristic lines of the PDE are
orthogonal and parallel to the coordinate axes z and f.
This problem therefore does not fully comply with the
conditions for the use of the maximum principle as formu-
lated by Chang, Tarassov, and Butkovskii. This discrep-
ancy can be resolved by reformulating our state equations
(11) to (12) as

ox 1 ax
oy ; oy
—at—_-—-k(l—-x)\ﬂ——e—a; (18)

where the parameter ¢ is positive and can be chosen as
small as possible.

The characteristics are then straight lines in the z X ¢
domain which for small values of ¢ form angles of the
order of e radians with respect to the z and ¢ axes, re-
spectively, The ordinary differential equations which de-
scribe the system along the characteristics then have the
same right-hand side expressions as Equations (11) and
(12).

Initial and boundary conditions to (17) and (18) can
be chosen as

£(0,1) = {xo(t) for te[0,1 — e];
1 for te(l — ¢ 1]
x(z,0) =1 for =ze[0, 1]
(19)
v(0,¢) =0 for te[0, 1];
vo(z) for ze[0,1 — €]
¥(0) 2{1 for ze(l—¢ 1]

The particular problem with orthogonal characteristics
is the limit case of a sequence of problems with skewed
characteristics as ¢ — 0. Moreover, one would reasonably
expect that the value of the objective function, for a par-
ticular control k(t) in the skewed problem, will converge
smoothly to the value of P in the orthogonal problem,
with the same control policy as « —> 0.

ANALYSIS OF THE PROBLEM

The Maximum Principle for Boundary Control
Proceeding with the investigation of the problem with
orthogonal characteristics, we define a hamiltonian func-

tion H as
H=2K(k)(1 —x)p—puk(l —x)7y (20)

where the adjoint variables A and p are given by

oA oH O oH
= P

0z ox ot

AIChE Journal (Vol. 20, No. 6)



with terminal and boundary conditions
MLt) =1; p(z1)=0 (22)

The boundary hamiltonian H is defined as in (9).

It is possible to prove analytically (Appendix A) that
for all values of the parameter p greater than 1 the bound-
ary hamiltonian H is a strictly convex function of k. Hence
H attains its absolute maximum with respect to k either
at k- or k. If an optimal admissible control k* (¢) exists
in the class of piecewise continuous functions, the strong
maximum principle for boundary control then requires
that the optimal control be piecewise continuous and con-
strained almost everywhere on the time domain e[ 0, 1].

EQUIVALENT LUMPED PARAMETER SYSTEM

By introducing a new state variable ¢(¢) defined as
1
s = f vand (23)

and letting xo(¢) = O for convenience, the problem (11),
(12), and (15) can be written as

1
max P = max f fo(o, k)dt (24)
k(EU k(U Vo
d _ (¢, k) (25)
e fi(é, k

with the initial condition

1
$(0) = ¢o = J; Yo (z)dz (26)

The functions fo and f; will be referred to as ‘velocities’
and are given by

fo=1—exp(—K(k)¢) (27)

h=xm

(1 — exp(—rK(k)$)) (28)

The extended velocity set G(dz), as used by Lee and
Markus (1967), is defined as

V() = tho(d k), il ) ke =k =k} (29)

and is given in Figure 1 for certain values of ¢ and a
specified set of parameter values and control constraints.
The velocity line for a fixed ¢ has a sigmoid shape in gen-
eral but loses its inflection point for small values of ¢.

EXISTENCE OF AN OPTIMAL CONTROLLER

A

Since V(¢) is not a convex set with regard to the ad-
missible control values k, we introduce the concept of a
relaxed (or chattering) control. A relaxed controller,
which can be seen as the limit of very fast switching
between two or more admissible control policies, has been
treated extensively in the literature (Warga, 1962;
McShane, 1967a.b; Lee and Markus, 1967; Horn and
Bailey, 1968; Bailey, 1974; Fjeld, 1974).

The main importance of a relaxed controller for our
problem is that every point (fo, f1) in the convex hull of

A
the set V{¢) can be reached. Since the relaxed con-
trollers include the classical control policies k(t)eU as a
subset, we will denote the controls which correspond to

A
points (fo, fi) € V(#) as classical controllers and those cor-
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pP= 1.5
r=.2
k=00
K*=2.5265

Ny A =573364
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A A
Fig. 1. Extended velocity set V() and co V{(¢) s=1.0.

responding to points (fo, f;) € co /‘\7(qb) but 7"\,\/(¢>) as pure
relaxed controllers.

Existence of an optimal relaxed controller for our prob-
lem (24) to (28) can then be asserted by appeal to a
proof given by Lee and Markus (1967; Theorem 5, pp.
271-273).

Pontryagin’s Maximum Principle

A hamiltonian function H; for the lumped parameter
system (24) to (28) is defined as

Hi=fo+vfi (30)
with the adjoint equation
d oH
o (31)
de o
and
y(1) =0 (32)

An optimal relaxed control policy then satisfies the
classical Maximum Principle (Pontryagin et al, 1962;
McShane, 1967b). The corresponding value of the hamil-
tonian H;*, which remains constant almost everywhere on
the time domain, is given by

Hi* = Hi*|i=y = fo6(1), k°) (33)

and is strictly positive for all problems with a finite final
time,

By rearranging (30) as follows:
fo=Hi+ y(—f1) (34)

the value of the hamiltonian H, is the intercept of the f,
axis with a hamiltonian line going through a point
(fo — f1) with slope y (Figure 2). For an optimal control
policy, it is necessary, in order to maximize H,, that for
any fixed value of ¢, the point (or points) of support

(fo, —f1) € co V and lying on the hamiltonian line, cor-

respond either to the uppermost extreme point of co /\\7
(where k = k*) and/or the point (or points) of tangency
of a hamiltonian line with slope y, which is tangent from
above to the convex hull of the velocity set.

Furthermore, all hamiltonian lines, corresponding to
different values of ¢, have the point H;* on the fo axis
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Fig. 2 Extended velocity set V(¢) and hamiltonian lines fo = H; +
y(—f).

in common for the optimal control policy. Since H;* > 0

and through the geometry of co /‘\I(qs), the point of sup-
port (fo, —f1) for any given value of ¢ is unique and

belongs to the velocity set \9(45) itself. The corresponding
optimal controller is therefore a classical controller. Since
both f, and f, are continuous functions of ¢ and k, for
keU, the optimal controller k* (¢) will also be a continuous
function and hence belongs to the class of piecewise con-
tinuous controls. Because of the choice of k. = 0 [corre-
sponding to (fo, —f1) = (0,0) in Figure 27, k* (¢) = k-
for any finite time interval can be excluded. The only
piecewise continuous and constrained control which can
be optimal and possibly also satisfy the maximum principle
for boundary control in the distributed case is then: k* (¢)
= k* almost everywhere.

Properties of the Optimal Control
Property 1: The value of the function fo remains con-
stant over any finite time interval where the

optimal control is unconstrained.

This property has been proven for any value of the param-
eter p (p # 1) and r in the given problem (24) to (28).
The assumption x(¢) = 0, which was used to simplify
the expressions in the lumped problem, can also be relaxed
to 29(f) = constant. The singular case where p = 1 has
been omitted since it was of no direct importance to the
study. The property was also proven earlier for a more
general class of problems with r = 0 by Crowe (1972).
A summary of the proof for r # 0 and p + 1 is given in
Appendix B.

Property 2: The value of the hamiltonian H, at the
optimum is a strictly monotonic decreasing
function of the final time # of the problem.

The proof of this property is by contradiction and can
easily be obtained by making use of property 1 and the
geometry of the velocity set and the hamiltonian lines.

This property also implies that for a fixed final time
the corresponding value of the hamiltonian H,* is unique
and determines a unique Pontryagin policy. Although the
Maximum Principle only gives us necessary conditions,
the uniqueness of a Pontryagin policy for a problem with

any fixed final time makes these conditions also sufficient
in this case.
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Property 3: There exists a critical final time #;. such that
for all final time ¢; > #f, the optimal con-
trol policy is unconstrained for a finite time

interval.

Indeed the hamiltonian line which is tangent to the veloc-
ity set for ¢y at the extreme point (fo, —f;) corresponding
to k*, determines a value of H,.*, (Figure 2), which is
the optimal hamiltonian value for the problem with
ty = ts. Any value of H;* < H;.* corresponds to a prob-
lem with ¢; > #; (Property 2). The point of support of
the hamiltonjan line through H,* with the velocity set at
o, is to the left of the uppermost extreme point (Figure
2) and hence corresponds to a value of k* which is uncon-
strained. Property 3 follows then from the continuity of
the optimal control policy.

For the problem with the given set of parameters, the
value of #;. can easily be calculated and was found to be
tie = 0.68. Since the maximum principle for boundary
control in the distributed problem required the optimal
policy to be constrained almost everywhere on the time
domain, any problem with a final time which is larger than
.68 constitutes a counterexample for this maximum prin-

ciple.

NUMERICAL EXAMPLE

For the set of parameters as given in Figure 1, and a
final time #; = 1.0, the optimal control policy was indeed
found to contain an unconstrained part (Figure 3). The
value of fp was found to be constant up to 5 decimals over
this region at 0.82021. The optimal policy in the lumped
formulation was obtained by hill-climbing on the hamil-
tonian H;. This same control policv was also obtained in-
dependently, with the same accuracy, by hill-climbing on
the boundary hamiltonian H in the distributed problem,
H was found to be stationary over the unconstrained re-
gion of the optimal control policy.

The value of the objective function at the optimum was
found to be P* = 0.543673 in both the lumped and the
distributed problem, whereas for the constrained policy
k* (t) = k* we obtained P* = 0.543037. The totally con-
strained policy also violated both the weak and strong
maximum prinoiples in the distributed case, in that H had
a local minimum over an initial time interval.

Kit) £7t)

N .8

23
.6
23

2.1

0

0 t /

Fig. 3. Optimal control policy k*(t) vs t and corresponding solution
fole*, k) vs t for the problem with t; = 1.0
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TABLE 1. RELATIVE DIFFERENCE BETWEEN THE VALUES OF THE
OpJeCTIVE FUNCTION P; AND P,* AS A FUNCTION OF

Py — P*
— X 100
€ p*

0.150 0.510
0.125 0.579
0.100 0.660
0.075 0.751
0.050 0.856
0.030 0.953
0.020 1.005
0.010 1.061
0 1.119

For the same problem, but with #; = 2.0, a similar con-
trol policy was found and the difference in the values of
the objective function was larger: P* = 0.314603; P* =
0.311086. Fourth-order Runge-Kutta methods were used
in the integration. The ordinary differential equations were
integrated in 40, 80, and 100 steps and the PDE were
integrated over grids of 40 X 40, 80 X 80, and 100 x 100
squares. The smallest step and grid sizes gave the best
accuracy and made the results from the lumped and the
distributed forms of the problem indistinguishable.

All calculations were done on a CDC 6400 computer
of the McMaster Computing Centre.

NONORTHOGONAL CHARACTERISTICS

The problem with the skewed characteristics (17) to
(18) does not lend itself to the same analysis as given
above since the system of PDE cannot be lumped through
a simple transformation of variables. However, it is still
possible to prove that the boundary hamiltonian is strictly
convex with respect to the control and therefore that the
maximum principle for boundary control requires a piece-
wise continuous and constrained optimal policy. By choos-
ing k. = 0.0, we can exclude k¥ (¢) = k. for any finite
time interval, simply by noticing that the objective func-
tion can be increased by replacing the control over that
time interval by k{(t) = k°. The only step which is miss-
ing in the analysis is the existence of an optimal controller
in the class of piecewise continuous functions. It is fairly
easy to show numerically that a partly unconstrained
policy is superior to the best possible constrained policy
k(t) = k°.

Table 1 shows that for the previously used set of param-
eters, a final time t; = 2.0, and decreasing values of
the relative difference in the objective functions P; and P*
for the two policies k*(¢) and k®(t), respectively, re-
mains positive and converges smoothly to the difference
obtained in the orthogonal case. The partly constrained
policy which was used in the calculation of P; was the
optimal policy in the orthogonal case with t; = 2.0.

SUMMARY

Application of the strong maximum principle for the
boundary control of a particular distributed parameter sys-
tem resulted in a necessary condition which required the
optimal control policy to be totally constrained.

For the limiting case of the given problem, where the
characteristics became orthogonal, existence of an optimal
piecewise continuous controller has been proven. It was
shown that the optimal policy could be found as a unique
Pontryagin policy and exhibited an unconstrained sub-
policy whenever the final time was larger than a critical
value.

The best constrained policy in the general case with
skewed characteristics was found numerically not to be

AIChE Journal (Vol. 20, No. 6)

optimal. Smoothness of the solutions was also found for
a sequence of problems with skewed characteristics which
converged toward the limit case with orthogonal char-
acteristics.

We conclude that the strong maximum principle for
boundary control of this class of distributed parameter
systems is incorrect.
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NOTATION

= proportionality factor between K and k»

= velocity functions, Equations (24) and (25)
= vector-valued function, Equations (1), (4)
= hamiltonian function in distributed problem

= boundary hamiltonian function in distributed
problem

= hamiltonian function in lumped problem

= boundary control variable, Equations (11) and

(12)

function of k: K = Ak?

constant parameter in K(k)

objective function

constant parameter, Equation (12)

unconstrained part of control policy

dimensionless time

boundary control, Equation (1)

admissible control region

state vector, Equation (1)

A
fO’ fl
F

)

>m

I T T A T T I I T

extended velocity set, Equation (29)
state variable, Equations (11) and {(12)
dimensionless distance

2R > QR U UV R

o

Greek

-

etters

initial condition, Equation (3)
boundary condition, Equation (3)
adjoint variable to ¢

adjoint vector, Equation (7) and adjoint vari-
able to x

adjoint variable to

small parameter, Equations (17) to (18)
state variable, Equation (23)

state variable, Equations (11) and (12)
gradient operator, Equation (7)

> R
i

q&Ee ™ *®
mnnin

Subscripts

0 initial value

critical value

final value

minimum attainable value

= h O
minu

Superscripts
+ = value along optimal policy
» = maximum attainable value
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APPENDIX A. CONVEXITY OF H WITH RESPECT TO &
From Equations (11) and (21) follows:

(1 — x)

T

Assuming continuity of xo(¢), k(¢), and yo(z) guarantees the
smoothness of u(z,1) for ze[0,1], te[0,1] and from (11),
(21), and (A.1) follows then:

] (a,u) d (6#) ou
—_ ) = — :—-k(l—x)r
9z ~ 9t ot > 9z 9z

For piecewise continuous control and initial conditions, the
smoothness property remains valid on a finite number of
subsets in the 2 X ¢ domain. Since the adjoint variables are
continuous over the whole domain, the proof can be built up
by the same reasoning on each subset.

From (A.2) and (22) follows:

= —pkr(l —x)y (A1)

(A.2)

O forall [0, 1]
— =90 (A.3)
9z forall ze[0,1]

Hence

aw  ou(l, )

—_— == —K(k)[1 ~x(1,¢)]

ot ot

+ u(1, k[l —=x(1,8)1" (A4)
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and from this follows that u(z,t) is strictly positive for all
te[0,1) and zero at ¢ = 1, unless x(1,¢) = 1 which requires
x9{t) = 1 from (11) and may be excluded.

From (A.1) and (22) follows then also that % remains
strictly positive over the z X ¢ domain.

The second derivative of H with respect to k is given by

92H j‘l K(k) _
= Yo plp — 1) B (1 —x)ydz (A.5)

and since all factors in the integrand are positive for p > 1
and x(¢) < 1, the integral will be strictly positive for all
te[0, 17.

APPENDIX B. PROOF OF PROPERTY 1

Assume p 5 1 and r £ 0.

Applying Pontryagin’s maximum principle to the lumped
parameter system (24) to (28), (31) and (32), with the
hamiltonian H; defined by Equation (30), leads to the follow-
ing necessary conditions for optimality:

oH;
=0 on S (B.1)
ok
where § is the unconstrained region where k+ < k < k2,
dH,
——— =0 forall t[0, 1] (B.2)
di
and
d k oH;
—_— —— ] =0 on S (B.3)
dt “\p—1 9k

It is clear that all derivatives are evaluated at a Pontryagin

policy.
The time derivative of Equation (27) gives

dfo dK¢
— = exp(—Kg¢) —
dt

(B.4)
dt

The derivation of the proof is then achieved in the follow-
ing steps:

1. Equation (B.1) is evaluated using Equations (27), (28),
and (30).

2. By using Equations (25), (28), and (31), it is possible
to show that when (B.1) holds

d ky 1—p d
—Inl —1] = —1In (K¢) on S (B.5)
dt K P dt

3. Equation (B.3) is used, together with (B.2) and (B.3)
to eliminate terms involving %, to yield

vk
2p —1 —pl(qs—{—?(l — fo)r 7t

dfo

(P7K¢—l)]———:0 on S (B.6)
dt

4. Either dfo/dt or the bracketed term equals zero. If dfo/d!t
= 0, the property holds. If not, the square bracket and all its
time derivatives are zero. This can be used to establish that

d(Ke)
=0 on S (B.7)
dt
which implies from (B.4) that
d
AN (BS)
dt
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